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Let B(n, g) be the set of bicyclic graphs on n vertices with girth g.
In this paper, we determine the unique graph with the maximal
spectral radius among all graphs in B(n, g). Moreover, the maximal
spectral radius is a decreasing function on g.
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1. Introduction
All graphs considered here are undirected and simple. Denote by V(G) the vertex set of a graph G
and E(G) the edge set. The set of the neighbors of a vertex v is denoted by NG(v) or N(v). The girth
g(G) of a graph G is the length of the shortest cycle in G. Let Pn be the path of order n and Cn the cycle
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Fig. 1. The bicyclic graph Pkp,q,r .
Fig. 2. Operations on a general graph and a tree.
of order n. A star on n vertices, denoted by Sn, is the graph obtained by joining n − 1 pendent edges to
a given vertex v, where v is called the center of Sn.
Let A(G) be the adjacencymatrix of a graphG. The spectral radiusρ(G) ofG is the largest eigenvalue
of A(G). The characteristic polynomial of A(G) is denoted by P(G, λ). It is known that A(G) is irreducible
nonnegative for a connected graphG, so from the Perron–Frobenius Theorem, there is a unique positive
unit eigenvector corresponding to ρ(G), which is called Perron vector.
In [2], Brualdi and Solheid posed the problem of maximizing the spectral radius and determining
the extremal graph for a given class of graphs. This question has been paid much attention in the
past decades. For example, Berman and Zhang [1] determined graphs with the maximal spectral
radius among all the graphs with ﬁxed number of vertices and cut vertices. Van Dam [8], Hansen
and Stevanovic´ [4] determined graphs with the maximal spectral radius among all the graphs with
ﬁxednumberof vertices anddiameter. A connectedgraphG is said tobebicyclic, if |E(G)| = |V(G)| + 1.
Yu and Tian [10] determined graphs with themaximal spectral radius among all the bicyclic graphs on
n vertices with ﬁxed cardinality of maximummatching. Guo [3] determined graphs with the maximal
spectral radius among all the bicyclic graphs on n vertices with ﬁxed diameter.
We focus on the spectral radius of bicyclic graphs with ﬁxed girth. Let B(n, g) be the set of bicyclic
graphs with order n and girth g. Let Pkp,q,r consist of three pairwise internal disjoint path Pp, Pq, Pr with
common endpoints, and k pendent edges at one of common endpoints (see Fig. 1). The main result of
this paper is as follows:
Theorem 1.1. For any graph B ∈ B(n, g), ρ(B) ρ
(
P
n− 3g
2
+1
 g+2
2
, g+2
2
, g+2
2

)
, with equality if and only
if B ∼= Pn−
3g
2
+1
 g+2
2
, g+2
2
, g+2
2
. Moreover, ρ
(
P
n− 3g
2
+1
 g+2
2
, g+2
2
, g+2
2

)
is a decreasing function on g.
2. Preliminaries
Before providing the proof of Theorem 1.1, we have to introduce some lemmas in this section.
Lemma2.1 [9]. Letu, vbe twodistinct verticesof a connectedgraphG, {vi|i = 1, 2, . . . , s} ⊆ NG(v)\NG(u),
and X = (x1, x2, . . . , xn)T be the Perron vector of G. Let G∗ = G −∑si=1 viv +∑si=1 viu. If xu  xv, then
ρ(G) < ρ(G∗).
Let G, H be two disjoint connected graphs with u ∈ V(G) and w ∈ V(H), we denote by GuwH the
graph obtained from G and H by identifying uwith w.
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Corollary 2.2 [9]. Let G be a nontrivial connected graph, Tk be a tree of order k and Sk be a star with
center w. Then ρ(GuvTk) ρ(GuwSk) for any u ∈ V(G) and v ∈ V(Tk). The equality holds if and only if
GuvTk ∼= GuwSk (see Fig. 2).
Let G be a connected graph with uv ∈ E(G). We denote by Guv the graph obtained from G by
subdividing the edge uv, that is, introducing a new vertex on the edge uv. A walk v1v2 . . . vk (k 2) in
a graphG is called an internal path, if these k vertices are distinct (except possibly v1 = vk), dG(v1) > 2,
dG(vk) > 2 and dG(v2) = · · · = dG(vk−1) = 2 (unless k = 2). Let Wn (n 6) be the graph obtained
from a path v1v2 . . . vn−4 by attaching two pendent edges to v1 and another two to vn−4. Hoffman and
Smith showed the following result.
Lemma 2.3 [3]. Let G be a connected graph with uv ∈ E(G). If uv belongs to an internal path of G and
G  Wn, then ρ(Guv) < ρ(G).
Lemma 2.4 [4]. Let G and H be two connected graphs such that P(G, λ) > P(H, λ) for λ ρ(H), then
ρ(G) < ρ(H).
Lemma 2.5 [11]. Let f (t, λ) = λf (t − 1, λ) − f (t − 2, λ) for any integer t  2. Ifλ 2, f (1, λ) > f (0, λ)
and f (1, λ) 0, then f (t, λ) increases on t.
Lemma 2.6 [7]. Let v be a vertex of graph G and C(v) be the set of cycles containing v. Then
P(G, λ) = λP(G − v, λ) − ∑
u∈NG(v)
P(G − v − u, λ) − 2 ∑
C∈C(v)
P(G − V(C), λ). (1)
Let u be a pendent vertex of a graph G and v be its neighbor. It follows from Lemma 2.6 that,
P(G, λ) = λP(G − u, λ) − P(G − u − v, λ). (2)
Particularly, deﬁne P(P−1, λ) = 0 and P(P0, λ) = 1, then P(Pn, λ) = λP(Pn−1, λ) − P(Pn−2, λ) for
any n 1.
The following lemma is involvedwith equation x
3
2 − x − 1 = 0. Clearly, this equation has a unique
real root, which is approximate to 2.1479.
Lemma 2.7. Letα be the real rootof equationx
3
2 − x − 1 = 0. Ifλ > α, thenP(Pn, λ) >
√
λP(Pn−1, λ) >
0 for any n 1.
Proof. For convenience, use Pn to denote P(Pn, λ). Clearly, P1 = λ >
√
λP0 =
√
λ > 0. In generaliza-
tion, using induction and Equality (2),
Pn −
√
λPn−1 = (λ −
√
λ)Pn−1 − Pn−2 >
[(
λ − √λ
)√
λ − 1
]
Pn−2
> (α
3
2 − α − 1)Pn−2 = 0. 
A sequence of paths Pl1 , Pl2 , . . . , Plk are said to have almost equal lengths, if |li − lj| 1 for any
i, j ∈ {1, 2, . . . , k}.
Lemma 2.8 [9]. Let Tn,k (see Fig. 3) be the tree of order n obtained by attaching k paths of almost equal
lengths to a given vertex, then for  n
2
 k n − 1,
ρ(Tn,k) =
√
1
2
[
k + 1 +
√
(k + 1)2 − 4(2k − n + 1)
]
.
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3. Characterization of the extremal graph
Let B be a bicyclic graph. The base of B, denoted by B◦, is theminimal bicyclic subgraph of B. Clearly,
B◦ is the unique bicyclic subgraph of B containing no pendent vertices, and B can be obtained from B◦
by planting trees to some vertices of B◦.
Bicyclic graphs have two types of bases (see Fig. 4). Denote by B(p, l, q) the graph obtained by
joining a new path u1u2 . . . ul between two vertex-disjoint cycles Cp and Cq, where u1 ∈ V(Cp) and
ul ∈ V(Cq). In particular, B(p, 1, q) ∼= CpuvCq for some u ∈ V(Cp) and v ∈ V(Cq). Denote by P(p, q, r)
the graph consisting of three pairwise internal disjoint paths Pp, Pq, Pr with common endpoints, that
is, P(p, q, r) ∼= P0p,q,r .
Now we introduce two subclasses of B(n, g):
B1(n, g) = {B ∈ B(n, g)|B◦ = B(p, l, q) for some l 1 and p, q 3},
B2(n, g) = {B ∈ B(n, g)|B◦ = P(p, q, r) for some p, q, r  2}.
Then B(n, g) = B1(n, g) ∪ B2(n, g).
Lemma 3.1. Let B have the maximal spectral radius in B1(n, g) (B2(n, g), respectively), then B contains
the following conﬁgurations:
(i) each vertex not in V(B◦) is a pendent vertex;
(ii) all the pendent vertices (if exist) are attached to a unique vertex u∗, which is called star-root.
Proof. Note that B can be obtained from B◦ by planting trees to some vertices of B◦. By Corollary 2.2,
these trees must be stars, since B is the extremal graph. Thus (i) holds. Let X = (x1, x2, . . . , xn)T be the
Perron vector of B. Let V1 be the set of pendent vertices and∪v∈V1N(v) = {v1, v2, . . . , vs}. Assume that
s 2, and without loss of generality, let xv1 = max{xvi |1 i s}, then by Lemma 2.1,
ρ(B) < ρ
⎛
⎝B − ∑
v∈V1∩N(v2)
vv2 +
∑
v∈V1∩N(v2)
vv1
⎞
⎠ .
A contradiction. Thus s = 1 and (ii) holds. 
Lemma 3.2. Let B have themaximal spectral radius inB1(n, g), then B ∼= Bn−2g+1g,g ,where Bkp,q be the graph
obtained from B(p, 1, q) by attaching k pendant edges to the vertex of maximum degree.
Proof. Since B ∈ B1(n, g), B◦ = B(g, l, q) for some l 1 and q g. First assume that l 2 and Pl =
u1u2 . . . ul be thepathconnectingCg andCq,whereu1 ∈ V(Cg)andul ∈ V(Cq). LetX = (x1, x2, . . . , xn)T
be the Perron vector of B and without loss of generality, let xu1  xul . Then by Lemma 2.1,
ρ(B) < ρ
⎛
⎝B − ∑
v∈V(Cq)∩N(ul)
vul +
∑
v∈V(Cq)∩N(ul)
vu1
⎞
⎠ ,
a contradiction. Thus l = 1.
Now let u∗ be the unique star-root and u1 be the unique common vertex of Cg and Cq. If u∗ /= u1,
comparing xu∗ with xu1 , we can similar ﬁnd a graph in B1(n, g)with larger spectral radius than B. Thus
u∗ = u1.
At last, assume that q > g. Denote by B1 the graph obtained from B by contracting an edge of
Cq and attaching a pendent edge to the star-root u
∗. Then by Lemma 2.3, ρ(B) < ρ(B1). However,
B1 ∈ B1(n, g), a contradiction. This completes the proof. 
Lemma 3.3. For any graph B ∈ B1(n, g), there exists a graph B2 ∈ B2(n, g) such that ρ(B) < ρ(B2).
Proof. By Lemma 3.2, it sufﬁces to ﬁnd a graph B2 ∈ B2(n, g) such that ρ(Bn−2g+1g,g ) < ρ(B2).
Let v1v2 · · · vgv1 and v1v′2 · · · v′gv1 be the two cycles of Bn−2g+1g,g , where v1 is their unique common
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Fig. 3. The tree T8,4.
Fig. 4. The bases of bicyclic graphs.
vertex. Let X = (x1, x2, . . . , xn)T be the Perron vector of Bn−2g+1g,g and without loss of generality, let
xv g+1
2

 xv′ g+1
2

(
In fact, xv g+1
2
 = xv′ g+1
2

)
. Then by Lemma 2.1,
ρ(Bn−2g+1g,g ) < ρ
(
Bn−2g+1g,g − v′ g+3
2
v
′
 g+1
2
 + v′ g+3
2
v g+12 
)
and the later graph is in B2(n, g). 
According to Lemma 3.3, we only need pay our attention to B2(n, g). Let Pkp,q(a, b) (see Fig. 5) be the
graphobtained fromP(p, q, r)byattaching kpendent edges tou∗,wherea + b = r + 1andu∗ ∈ V(Pr)
such that u∗ decomposes Pr into Pa and Pb. Then by Lemma 3.1, the extremal graph of B2(n, g) is
isomorphic to Pkp,q(a, b) for some integers p, q, a, b and k. In particular, P
0
p,q(a, b)
∼= P(p, q, a + b − 1)
and if a = 1 or b = 1, then Pkp,q(a, b) ∼= Pkp,q,r .
Now we have to introduce two new graphs. Let Tp,q,r denote the graph obtained by identifying one
endpoint of three pairwise disjoint path Pp, Pq and Pr . Particularly, Tp,q,1 ∼= Pp+q−1 and we deﬁne Tp,q,0
as the disjoint union of Pp−1 and Pq−1. Let Up,q(a − 1, b − 1) (see Fig. 5) denote the graph obtained
from Pkp,q(a, b)bydeleting all thependent vertices and their commonneighboru
∗. Particularly, ifb = 1,
then Up,q(a − 1, b − 1) ∼= Tp−1,q−1,a−1.
For convenience, next we will frequently use G to denote P(G, λ).
Lemma 3.4. (i) Pkp,q(a, b) = λkP(p, q, a + b − 1) − kλk−1Up,q(a − 1, b − 1);
(ii) ρ(Pkp,q,r) > α for any k 1, where α is the real root of equation x
3
2 − x − 1 = 0.
Proof. (i) This is a direct result from Equality (2) and induction on k.
(ii) Note that α ≈ 2.1479. First, suppose that there are at most one of p, q, r less than 4. Since k 1,
Pkp,q,r contains T8,4 as a subgraph. By Lemma 2.8,
ρ
(
Pkp,q,r
)
> ρ(T8,4) =
√√√√5 + √21
2
≈ 2.1889 > α.
Now it sufﬁces to deal with: (p, q, r) = (2, 3, r) and (p, q, r) = (3, 3, r). Let Ug be the graph obtained
by joining two pendent edges to a vertex of Cg . We observe that now either U3 or U4 is a subgraph of
Pkp,q,r . Furthermore, by Matlab,
ρ(U3) ≈ 2.3429 > α, ρ(U4) ≈ 2.2882 > α.
Thus ρ
(
Pkp,q,r
)
> α. 
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Fig. 5. The bicyclic graph Pkp,q(a, b) and its subgraph Up,q(a − 1, b − 1).
Lemma 3.5. Letα be the real rootof equationx
3
2 − x − 1 = 0. Ifλ > α, thenTp−1,q−2,t+1 + Tp−2,q−1,t+1 −
Tp−1,q−1,t > 0 for any p, q 2 and t  0.
Proof. Let f (t, λ) = Tp−1,q−2,t+1 + Tp−2,q−1,t+1 − Tp−1,q−1,t . If p = 2 or q = 2 (say q = 2), then by
Lemma 2.7,
f (t, λ) = Pp−2Pt + Pp+t−2 − Pp+t−2 = Pp−2Pt > 0
for t  1. And
f (0, λ) = Pp−2 + Pp−2 − Pp−2 = Pp−2 > 0.
Next we let p, q 3. By Equality (2), we can easily get
f (t, λ) = λf (t − 1, λ) − f (t − 2, λ)
for t  2. Moreover, by Equality (1) and Lemma 2.7,
f (0, λ) = 2Tp−1,q−2,1 − Pp−2Pq−2
= 2[λPp−2Pq−3 − Pp−2Pq−4 − Pp−3Pq−3] − Pp−2Pq−2
= 2[Pp−2Pq−2 − Pp−3Pq−3] − Pp−2Pq−2
= Pp−2Pq−2 − 2Pp−3Pq−3
> (λ − 2)Pp−3Pq−3
> 0.
And similarly, we have
f (1, λ) = Tp−1,q−2,2 + Tp−2,q−1,2 − Pp+q−3
= λTp−1,q−2,1 + Tp−2,q−2,1 − Pp−2Pq−3 − Pp−3Pq−2.
Thus by Equality (1) and Lemma 2.7,
f (1, λ) − f (0, λ)
= (λ − 2)Tp−1,q−2,1 + Pp−2Pq−2 + Tp−2,q−2,1 − Pp−2Pq−3 − Pp−3Pq−2
> Pp−2Pq−2 + Tp−2,q−2,1 − Pp−2Pq−3 − Pp−3Pq−2
= Pp−2Pq−2 + [λPp−3Pq−3 − Pp−3Pq−4 − Pp−4Pq−3] − Pp−2Pq−3 − Pp−3Pq−2
= Pp−2Pq−2 + λPp−3Pq−3 − Pp−3(Pq−4 + Pq−2) − (Pp−4 + Pp−2)Pq−3
= Pp−2Pq−2 − λPp−3Pq−3
> 0.
According to Lemma 2.5, f (t, λ) > 0 for any t  0. 
Lemma 3.6. Let α be the real root of equation x
3
2 − x − 1 = 0. If λ > α, then Pkp,q(a, b) > Pkp,q(a +
1, b − 1) for any a b 2 and k 1.
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Proof. Note that Up,q(a, b) = λUp,q(a − 1, b) − Up,q(a − 2, b) for a 2. According to Lemma 3.4,
Pkp,q(a, b) − Pkp,q(a + 1, b − 1)
= kλk−1[Up,q(a, b − 2) − Up,q(a − 1, b − 1)]
= kλk−1[λUp,q(a − 1, b − 2) − Up,q(a − 2, b − 2)
−λUp,q(a − 1, b − 2) + Up,q(a − 1, b − 3)]
= kλk−1[Up,q(a − 1, b − 3) − Up,q(a − 2, b − 2)]
= · · ·
= kλk−1[Up,q(a − b + 2, 0) − Up,q(a − b + 1, 1)]
By Equality (2),
Up,q(a − b + 2, 0) = Tp−1,q−1,a−b+2 = λTp−1,q−1,a−b+1 − Tp−1,q−1,a−b.
And by Equality (1),
Up,q(a − b + 1, 1) = λTp−1,q−1,a−b+1 − Tp−1,q−2,a−b+1 − Tp−2,q−1,a−b+1 − 2Pa−b.
Thus by Lemma 3.5,
Pkp,q(a, b) − Pkp,q(a + 1, b − 1) > kλk−1[Tp−1,q−2,a−b+1 + Tp−2,q−1,a−b+1
−Tp−1,q−1,a−b] > 0,
since Pa−b > 0. 
Lemma 3.7. Let B have the maximal spectral radius in B2(n, g), then B ∼= Pkp,q(r, 1)
(
i.e.Pkp,q,r
)
for some
integers p, q, r and k.
Proof. It sufﬁces to show that ρ
(
Pkp,q(a, b)
)
 ρ
(
Pkp,q(r, 1)
)
for any positive integers a, bwith a + b =
r + 1, and equality holds if and only if Pkp,q(a, b) ∼= Pkp,q(r, 1).
Note that Pkp,q(a, b)
∼= Pkp,q(r, 1) ∼= P(p, q, r) whenever k = 0, we now consider the case k 1. Ac-
cording to Lemma 3.4, ρ
(
Pkp,q(r, 1)
)
> α. Thus by Lemma 3.6,
Pkp,q(a, b) > P
k
p,q(a + 1, b − 1) > · · · > Pkp,q(r, 1)
when a b 2 and λ ρ
(
Pkp,q(r, 1)
)
. It follows from Lemma 2.4, that ρ
(
Pkp,q(a, b)
)
< ρ
(
Pkp,q(r, 1)
)
.
This completes the proof. 
Proof of Theorem1.1. According to Lemmas 3.3 and 3.7, the extremal graphwith themaximal spectral
radius in B(n, g) is isomorphic to Pkp,q,r for some positive integers p, q, r and k = n − p − q − r + 4.
Now we have to determine p, q and r. Without loss of generality, let p q r.
First claim p = q. Otherwise, p > q, then Pk+1p−1,q,r has the same girth as Pkp,q,r and by Lemma 2.3,
ρ
(
Pkp,q,r
)
< ρ
(
P
k+1
p−1,q,r
)
,
a contradiction.
Now claim p = q r + 1. Otherwise, p = q r + 2 and hence p = q 4. Let Pp = v1v2 . . . vp−1vp
and Pq = v1v′2 . . . v′p−1vp. Let X be the Perron vector of Pkp,q,r . Without loss of generality, assume that
xvp−1  xv′p−1
(
In fact, xvp−1 = xv′p−1
)
. Thus by Lemma 2.1,
ρ
(
Pkp,q,r
)
< ρ
(
Pkp,q,r − v′p−2v′p−1 + v′p−2vp−1
)
.
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However, the later graph has P(p − 1, q − 1, r + 1) as its base, and hence the girth does not change, a
contradiction.
By above discussion, r + 1 p = q r. That is, p = q = r if g is even and p = q = r + 1 if g is odd.
This implies that the extremal graph is P
n− 3g
2
+1
 g+2
2
, g+2
2
, g+2
2
.
Note that contracting an edge e of Pq decreases the girth. However, by Lemma 2.3, contracting
e increases the spectral radius. Consequently, the maximal spectral radius is a decreasing function
on g. 
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